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A GENERAL DEMONSTRATION qf the PROPERTY of the 
CIRCLE difcovered by Mr. COTES deduced from the CIRCLE 
only. By the Rev. J. BRINKLEY, A. M. ANDREWS Pror- 
fe£or of Aftronomy ', and M. R. I. A. 



H E very elegant property of the circle difcovered by the cele- Read N0V.4A 
brated Cotes has for its extenfive ufes always been juftly cfteemed 797 * 
among mathematicians. The inventor left no demonftration of 
it ; and although it immediately excited the attention of the moft 
eminent cultivators of the fcience, yet no general inveftigation 
has been hitherto given, if we except one derived from the hyperbola 
and impofllble exprefiions, which was firft given by De Moivre, 
afterwards by Mackurin and other authors. But the elegance of 
the theorem and the ftrictnefs of mathematical reafoning feem to 
require a very different kind of demonftration. The author of 
" Epiftola ad Amicum de inventis Cotefii," has indeed attempted 
a demonftration from the circle only ; however it will readily appear 
on examination that it is not general, even conceding the demon- 
ftration 
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ftration of the theorem for expreffing the cofine of a multiple arc 
in terms of the cofine of the fimple arc. No author before 
Dr. Waring has given a general demonftration of this latter 
theorem, and confequently all demonftrations of Cotes's property 
by the circle alone previous to his, cannot be general fo far as that 
theorem is concerned, and it will be found that in another circum- 
stance not lefs important they are all defective. Dr. Waring in 
his letter to Dr. Powell has from his theorem for the chords of 
the fupplement of a multiple arc fliewn the truth of Cotes's pro- 
perty in particular inftances, and in his " Propr. Algebr. Curv. 
Prob. 32," has given the heads of a general folution. But it ap- 
pears one of the fteps there omitted is the only difficult part of 
the demonftration after conceding the theorem for the cofine of a 
multiple arc. 

The demonftration here given is general arid probably as direct 
and fimple as the proposition will admit of. The proof of the 
lemma which it was neceflary to premife is much the moft 
difficult part of the whole, and it is in that ftep of the de- 
monftration where the Lemma is applied that all demonftrations 
heretofore have been defe&ive and only applicable to particular 
inftances. 

Lemma. 
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Lemma. 
If m and n reprefent any affirmative whole numbers : then 



n — m — r 



x 



4 : n — i. n — 2. n — 3. - - - 
— : n — 2. n — 3. n — 4 - - - 
-f- : n — 3. n — 4. n— 5. - - - - n — ot+ 1 X m. m — 1 



n — m x m 



— o 



+ :# — m + i.n — m-t- 2 - n — im — i*i J 

Where i, w, m. m — 1, &c. are formed by the law of the 

coefficients of a binomial raifed to the m th . power. The number 
of terms = «-f 1. 

Demonstration. Let the terms of the annexed table repre- 
fent the different expreffions for the above quantity, according to 
the different values of m and n. 
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Vol. VII. 
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Then 
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Then i. By fubftituting» — r inftead of n in the above expreffion 



we have IC — < 



f n — 2. n — 3 - - - n — m X i 

— « — 3. n — 4 - - n — m + 1 x m 

'"" m.m — 1 



+ »— 4- n S 

&c. - &e. 



n— m + 2 x 



therefore f + » — 2. n — 3 - - X 1 

J — n — 3 n — 4 - - X m 

L— K v = m— 1 X <J r 



m — 1 



I 



X m. 



&c. &c. 

But by fubftituting «— 2 and n— 1 refpe&ively inftead of », and 
m — 1 inftead of m we have 



H 



or 



—2. n — 3 - x 1 
4 - X m- 



r + «_ 3 . «_ 4 - x 1 r+ft— 2. ft— 

-\ — n— 4. «— 5 - XM-i andK,= <-*z— 3. rc— 
( &c &c. t &c - &c - 

H7K x"^^ = L*— KV or L^^TxH+K + K\ 



2. Taking m = tf the expreflion becomes 

4-»— -i. «— ^2 - - - ~ 2*ix:i 
_"^T ^zr 3 - - - - 1 x o x : m 



± o. 1 

:p — 1. — 2 



— n — 3. — n — 2 x : « 

— « — 2. — n — 1 X : 1 



Which 
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Which will be = o, becaufe the firft and laft terms are the 
fame with contrary figns, and becaufe o will be a factor in each 
of the other terms. That the firft and laft terms will have con- 
trary figns appears from confidering that in the laft term there 
are n — i negative factors, and confequently when n is even the 
product will be negative and the fign of the term itfelf will be 
pofitive becaufe m + I (n -\- \) is odd, and when n is odd the 
product will be pofitive and the fign of the term negative. 

3. Substituting for m, 2, the general term of the firft hori- 
zontal rank = + n — 1 



+ 



n — 1 ~\ 

n — 2. 2 > = o. 
n—% J 



From thefe different conclufions we colled: ift, that (be- 
caufe V L = m — 1. H + K + K') if each of the terms in any hori- 
zontal rank = o the terms in the rank below are equal : 2dly, 
therefore it follows becaufe a term in each rank = o (when 
m — n) that if each of the terms in any horizontal rank are equal 
to o, that the terms of the rank beneath are each = o, and 3dly, 
becaufe thofe of the firft horizontal rank are each — o, it follows 
therefore that each term of the table = o. Q. E. D. 

Theorem. 

1. Let the circumference of a circle be divided into n equal 
parts O O', O' O", &c. and from a point P in the radius O C or 

U 2 the 
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the radius produced without the circle draw PO, PO', &c. then 

T C — O C = P O x P O' x P O" X &c. when P is without the circle 

and OC - PC = PO x PO' x PO" x &c. when P is within the 
circle. 

2. Let the circumference be divided into 2 n equal parts O S, 
S O', O' S', &c. then P C + O C = P S X p S' x &c. 

Demonstration. 

i. L'.rr OC! be unity, PC = ^ ; a y a, a\ Sec. the cofincs of o, 
OO', OO", &c. 

Then willPO 2 = x 2 + i— 2a x 
PO"= x z + I — % a x 
&c. &c. 



or PCrXP Q' z x &c. = x* ■+■ i~2 a .-. x x* + 1—2 a xX Sec. — 



*) n _ l a a 

&c.3 &c - 



s* + l\ n — /f2 x ** + I s ' "+ <z a" > 2* a\ JFTTV'-* 



n » 

■+■ 2 tf tfV &C. x X • 

Now if c be the coiine of any arc, the cofine of/? times that arc 

n— 1 n n— 3 «— 2 ^ ~ »— 5 «— 4 

will be 2 c — «. 2. c d — ■ —2 <: — &c. continued by 

1. 2 7 

fuccefiivcly diminifhing the index of c by 2 until it becomes o or r, 

and 
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and affixing to c the coefficient 



n — u 



U U U 

+ n.n i.n — — — 2 X &c. to — terms „_ B _i „ 

— 2 2 2 . , u . . 

— 2, + when -- is even and 

u i 

1.1. -2 - - — 

— when odd. Hence becaufe unity is the cofine of o, P (Peri 

phcry), 2 P, 3 P, &c. it follows that if 2 c—72.2" I " + &c. 
= 1 the different values of c will be a, a\ a<\ &c. the cofines of o, 

P 2 P 

-, -— , &c. or that the roots of the equation 
n n i 

n — 2 «— 4 

" nc n. n — 3 c j 

c __ _.__ _j- ^ ___ __ _ ___^ __ q ^.jj ^ ^ ^ ^ & ^ 

2 

Therefore by the nature of equations 

a + ^ 4" <*" + & c - = o 

a a + a a + &c. = — — 

2* 

a a* a" -\- ad a -[■ &c. = o 

aaa a -f&c. = + ~~ 

&c. &c. 
or generally the fum of the produds of u values a, d, a", &c. 

U U u 

n.n—--—i. n— —2. - (to - terms 
« being even = + 5 1 _ a + whcn 

1. 2. 3 - - ~. 2 

2 
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U 



is odd and — when even : alfo the product of all the values 



i 
when n is odd = „_- and when even = + 



n n 

n.— — i. — — 2 

2 2 


- 


n 
- (to —terms) x 


1.2. 3 - 


- 


n n "— l 

- —-2 2 
2 



Whence the value of P 0* x P X * X &c. above found becomes 

* . N "— * n. n — 3 «—4 n 

x* + i — n x*. x 1 + i) + — — — x' x x*+ i) - + 2 x 

or expanding thefe terms 



n zn zn—z .„ — zn—6 

*•+!!=* +nx +^IZL X + ±±Zh. n =^x + 



n.n — i *"— a. g — i. « — 2 

I. 2 I. 2. 3 



- 4- 7Z X % + I 



»~2 2» — 2 2« — 4 



- » x* X x- + V = - » x — n. n—2 x - _ n ~Z?lIL 1 

• I. 2 

2n-fi 



A" ------ «X* 



."~ 4 „ I 1 2 fl— 4 „ „_~T ~ T 2 " - 6 



i ° X . X" -\- J) =r a x ~r "-L- Ix + oc C- 

i- 2 I. 2 I. 2 

_ "LEffJEL" x< . xT+? n ~l _ !L^E1lZ:5 x 2 ""&c. 

1. 2. 3 I. 2. 3 

&c. &c. * 

Hence 

* Mr.Simpfon in his F.fl'ays, page 115, has arrived by a different procefs at a fimilar 
conduiion, aiul .ifTeits without any demonftration that the co-efficients deftroy each 
other. This however i'. the only difficult flep in the whole propofition. 
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Hence collecting the co-efficients it readily appears by con- 
fideri-ng the general value of the fum of u products ftated above, 

2 n — 2 m 

that the coefficient of the term x the fame as the coeff. of. 



2 m 

the term x — 



+ 



n. n — i. n — 2 



n — m — i I 



i. 2. 3 

n. n — 2. n — 3 



m 

n — m 



1. 1. 



m — 1 



n. 7i — tn- n — m -t 1 



n — 2 m 



+ 

- 1. 2. 3 



m — 1 x 1. 2 



+ 



n. n — m+ 1. n — m-\-i 



n — 2m -\- 1 1 
J 



1. 2 3 m 

or reducing thefe fractions to a common denominator the nume- 
rator becomes « x into the expreffion in the Lemma which there- 
fore = o hence 



2 ft 



P O X P 0' 2 X &c, = oe — 2 x + 1 orPOxPO'x&c. — xw 1. 
Q,E.D. 



2. Because POxPSxPO n x PS'x&c. = x co 1 and POx 

n n 

P0'x&c. = *w 1 .-.PSxPS'x&c. = #+ 1. Q.E. D. 



